Abstract. In this paper various properties of the spectrum (i.e. the set of prime elements endowed with the hull-kernel topology) of a distributive continuous lattice are developed. It is shown that the spectrum is always a locally quasicompact sober space and conversely that the lattice of open sets of a locally quasicompact sober space is a continuous lattice. Algebraic lattices are a special subclass of continuous lattices and the special properties of their spectra are treated. The concept of the patch topology is extended from algebraic lattices to continuous lattices, and necessary and sufficient conditions for its compactness are given.
The spectral theory of lattices serves the purpose of representing a lattice L as a lattice of open sets of a topological space X. The spectral theory of rings and algebras practically reduces to this situation in view of the fact that for the most part one considers the lattice of ring (or algebra) ideals and then develops the spectral theory of that lattice. (The occasional complications due to the fact that ideal products are not intersections have been dealt with elsewhere, e.g. [4] . ) The lattice of all ring (or algebra) ideals forms a particular kind of continuous lattice, namely an algebraic lattice. It should be the case, however, that more general continuous lattices arise in the study of certain objects endowed with both an algebraic and a topological structure. Indeed the first author has shown in a seminar report using the concept of Pedersen's ideal that the closed ideals of a C*-algebra always form a distributive continuous lattice with respect to intersection. How widely continuous lattices occur in such contexts is, at this point, a largely uncharted sea.
We show that the spectrum of a distributive continuous lattice is a locally quasicompact sober space (see 2.6 for the definition of sobriety). This implies, e.g., that the space of closed two sided prime ideals of a C*-algebra is locally quasicompact in the hull-kernel topology. (This is usually proved for primitive ideals by different methods.) for a space X from the lattice theoretical assumption that the lattice O(X) of open sets is a continuous lattice has received a good deal of attention. In different terms, Brian Day and Max Kelly have observed (1970) that for Hausdorff X the local compactness of X is necessary and sufficient [1] , (see also Isbell [9] ). We show that if X is sober, then 0(X) is a continuous lattice iff X is locally quasicompact.
Our main device is the use of the hitherto neglected topology on a CL-object L which is generated by the sets 7(x) = L \ \x. The join of this topology and the Scott topology is the CL-topology, and it induces on the set of primes precisely the hull-kernel topology.
In studying the spectrum of arithmetic lattices (such as e.g., the lattice of ideals in a commutative ring) the patch topology plays an important role [3] , [1] ; indeed for commutative rings this topology makes the set of prime ideals into a Boolean space. We generalize the concept of the patch topology to the spectrum of a continuous distributive lattice and derive necessary and sufficient conditions for its compactness.
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1. Basic concepts. We give here a brief review of the necessary basics concerning continuous lattices for the uninitiated reader. On every set L with a partial order < one may introduce a new relation < as follows: x «>> if and only if for all up-directed sets D the relation v < sup D implies the existence of ad E D with x < d. (In a complete lattice L, x « v iff whenever v < sup A, there exists a finite subset F c A with x < sup F.) This relation, sometimes called the relation of being "way below", is readily seen to be transitive, and if L has a least element 0, then 0 <s x for all x. The relation x < v always implies x < v; the converse fails in general.
Definition. A complete lattice L is said to be a continuous lattice if x = sup{j £ L: s « x} for all x E L. The following facts are implicit in [7] .
Proposition. For a lattice L the following conditions are equivalent: (1) There is a compact Hausdorff topology on L such that L becomes a topological semilattice with a basis of subsemilattices relative to the multiplication (x, v) -» xy = min{x,/}.
(2) L is a continuous lattice.
If these conditions are satisfied, then the topology is unique and is generated by the sets {s E L: x < s} and {s E L: x < s), x E L; it is called the CL-topology.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use A function /: L -» L between continuous lattices is a continuous semilattice morphism (relative to the CL-topologies) iff (i) inf f(X) = /(inf X) for all X Ç L, (ii) whenever D C L is up-directed, then sup f(D) = /(sup D). Q Classically, a certain subcategory Z of CL is more familiar to the lattice theoretician: It is that subcategory whose objects are characterized topologically by being O-dimensional in the CL-topology, and lattice theoretically by being (complete) algebraic lattices; as a reminder we formulate for the record:
Definition. An element k in a partially ordered set L is a compact element
called algebraic iff L is complete and satisfies
The relation between topological and lattice theoretical properties of algebraic lattices was amply investigated in [6] .
Let CLop denote the category of all continuous lattices whose morphisms /: L -» L' satisfy (i) sup/(/l) = /(sup A) for all A c L and (ii) x « x' implies fix) « fix') for all x, x' E L. It is shown in [7] that this category is dual to CL under the Galois connection of order-preserving mappings, i.e. a function /: L -> M is a CL-morphism iff its right adjoint g: M-> L defined by g(m) = inf{x:/(x) > m) is a CLop-morphism. For a partially ordered set S, the lower set of a subset X is denoted by IX = {s E S: s < x for some x E X}.
\X is defined dually. We denote j{x} and f(x} by J,x and fx respectively.
In almost all classical theorems representing complete distributive lattices as rings of sets, one uses heavily the fact that one has an abundance of prime elements. In a semilattice S an element p is prime if ab < p implies a < p or b < p. Let PRIME S denote the set of prime elements. Then it has been shown in [5] that if S is a distributive continuous lattice, PRIME S order generates S, i.e., x = inf (PRIME 5" n fx) for all x E S \ {1}. Hence such lattices have an abundance of primes.
2. The spectrum. Definition. Let L be a complete lattice and let 2 c PRIME L \ {1}. If Iclwe write As(A') = |In2 (and abbreviate /j2({x}) by /i2(x)). Similarly we set Oz(X) = 2 \ /^(Z) = 2 \ \X. We call /i^*) the hull of * in 2.
The topology of 2 is generated by the sets a2(x) = 2 \ /¡2(x) for all x E L and is called the hull-kernel topology. If 2 = PRIME L\{1} then 2 equipped with the hull-kernel topology is called the spectrum of L (or the prime spectrum, if confusion should ever arise), and denoted Spec L. We denote oSpec L simply by o. ¡J In general Spec L may be empty; however if L is a distributive continuous lattice, then PRIME L order generates L [5] (b) U ¡A2(x): x E X) = h¿X) = A2(inf X)for all finite X c L.
(c) Every hull-kernel closed set e>/2 is of the form /i2(x)/or some x E L. (d) If L is a continuous lattice endowed with the CL-topology, then for all compact subsets X c L, U (A2(x): x E X) = h?(X) = A2(inf X).
Proof, (a) is straightforward. (b) Clearly U{A2(x): x E X) c /i2(inf X). Conversely if p E A2(inf X), then inf X < p. Since p is prime and X is finite, x < p for some x E X. Hence/? E (J {A2(x): x E *}.
(c) The family {A2(x): x E L) is closed under arbitrary meets by (a) and under finite unions by (b). It is therefore the set of closed sets of a topology, the hull-kernel topology.
(d) Again the containment U{A2(x): x E X) c A2(inf x) is immediate.
Conversely if X is compact and inf X < p E 2, then by "THE LEMMA" [2] , x < p for some x E X. Hence A2(inf X) c U (A2(x): * e -^}-D Remarks. It follows from Lemma 2.2 that the collection {A2(x): x E L) is closed with respect to finite unions and arbitrary intersections. Since /i2(0) = 2 and A2(l) =0, this collection forms all the closed sets for the hull-kernel topology on X. Thus {a2(x): x E L) is the collection of open sets.
If A' is a topological space, let O(X) denote the lattice of open sets of X. We consider now the representation of L in 0(2). (1) a2 is an isomorphism; (2) a2 is infective; (3) 2 is order generating (i.e. x = inf(f x n 2) for all x E L \ {1}). These conditions imply (4) L is distributive, and if L is continuous and 2 = Spec L, then all four conditions are equivalent.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Proof. The first assertion follows from Lemma 2.2 and the remarks following it.
The equivalence of (1) and (2) is obvious since o2 is a surjective homomorphism. If 2 is order generating, then x = inf /i2(x) for all x E L. This implies a2 is injective.
Conversely if a2 is injective, then 2 is order generating since always ct2(x) = a2(inf(|x n 2)). It is well known that a complete lattice in which the primes order generate is distributive and the converse is true in continuous lattices [5, 3.1] . \J This proposition has the important consequence that all distributive continuous lattices can be represented in the form 0(X).
If a: L-> M and t: M-» L, then t is a left adjoint for o (and a is a right adjoint for t) if for x E L, y E M we have a(x) < y iff x < t(v). If a: L -* M is a function between complete lattices which preserves arbitrary sups, then it has a unique left adjoint t: M -» L which preserves arbitrary inf s and is defined by t( v) = sup{x E L: a(x) < v}. (See the early part of [7] for an extended discussion of such matters.) Proof. Let p E Spec M. Since r(p) «■ sup{x: a(x) < p) and ct(1) = 1, t(p) * 1. Let st < t(p). Then st < r{p) iff o(st) < p iff o(s)o(t) < p iff o(s) < p or o(t) < p iff s < t(p) or t < r(p). Hence r(p) is prime. That the restriction of t is continuous follows from the fact t preserves arbitrary infs.
We omit the details. □ Proposition 2.4 shows that Spec may be viewed as a contravariant functor from the category of complete lattices and lattice homomorphisms preserving arbitrary sups to the category of topological spaces and continuous functions.
Notation. For 2 c Spec L, let L2 denote the inf-complete subsemilattice generated by 2 u {1}, i.e.,
(where inf 0=1). Note that Lj. is order generated by prime elements, and is hence distributive. The following statements hold: (i) T2(i/) E Spec LiffUE Spec 0(2) iff A = 2 \ ¿7 is an irreducible closed set (i.e. a nonempty closed set which is not the union of two proper closed subsets).
(ii) A is an irreducible closed set iff A -h(x)for some x E Spec L n L2.
(iii) t2 preserves sups of up-directed sets iff L2 contains the sups of all its up-directed subsets.
Proof. To see that t2 is indeed the left adjoint, observe that inf(2 \ U) > x iff 2 \ U c fx iff a2(x) = 2 \ fx c U; thus t2(í/) > x iff U D a2(x), which is precisely the condition that t2 be a left adjoint.
The next assertions will follow if it is shown that the restriction of a2 to L2 is surjective and that t2o2(x) = x for all x E L2. Let U E 0(2). Then U = aÁy) f°r some y E L. Let x = inf 2 n Ty = inf h(y). Then x E L2 and h(x) = h(y); hence a2(x) = a2( v) = U. Also if x E L2, then x = inf 2 n fx = inf h(x). Thus r2a2(x) = inf(2 \ a2(x)) = inf h(x) = x.
Ad (i). If U E Spec 0(2), then t2(£/) E Spec L by 2.4. Conversely if T2(t/) E Spec L, then t2(C/) E Spec L2 (since L2 = t2(0(2))) and hence U £ Spec 0(2) since the corestriction of t2 from 0(2) to L2 is an isomorphism. Now U E Spec 0(2) iff U is prime and U ¥-2 iff A = 2 \ U is coprime in the lattice of closed sets and A =£ 0 if f A is a closed irreducible set (since the lattice of closed sets is distributive).
Ad (ii). A is irreducible and closed if
(by (i)). Let x = t2( U). Then x is the unique element in L2 such that A = A(x) (since a2 restricted to L2 is an isomorphism). The desired result follows.
Ad (iii). Since t2 is an isomorphism from 0(2) to L2, t2 preserves the sups of up-directed sets iff the sups of the images of these sets lie in L2 iff L2 contains the sups of all its up-directed subsets, fj
To this point we have begun with a complete lattice L and derived a topological space Spec L. We now wish to reverse the procedure. To each topological space X we associate the complete lattice of open sets 0(X). If /: X -» Y is a continuous function, then there is induced a lattice homomorphism 0(/): 0(7)-» 0{X) which preserves arbitrary joins and 1 defined by sending U to f~\U). (Compare with the remarks following 2.4.) 2.6. Definition. A space X is sober if it is T0 and every closed irreducible set has a dense point.
Note that the closure of a point is always an irreducible closed set. Hausdorff spaces are sober, while any infinite set with the cofinite topology is a nonsober Tx -space.
For every topological space X, the lattice of open sets O(X) is a complete Brouwerian lattice (or Heyting algebra). We let Spec O(X) be the space of its primes in the hull-kernel topology, the set {o(U): U £ 00^)}, where o(U) = {P E Spec 0(X): U szl P). (For further information see e.g. [4] , but be careful in comparing notation.) The importance of sober spaces is that they are precisely those spaces which can be recovered from their lattice of open sets as the following proposition specifies (see part (v)).
2.7. Proposition. Let X be a topological space and define £: X -» Spec O(X) by £(x) ■ X \ {x}~. Then £ has the following properties:
(i) For all U E 0(X) we have (a) £(£/) = <x( I/)n im | and (b) U = r\a(U)).
(ii) a: 0(X) -> 0(Spec O(X)) is a lattice isomorphism with inverse V-> r\v). (iv) £ is injective iff £ is an embedding iff X is T0.
(v) £ is bijective iff £ is a homeomorphism iff X is sober.
(ii) is a consequence of (i)(b) and the fact that a is surjective. is a lattice isomorphism by (ii), it follows that the induced £': Spec O(Ar)-^Spec(0(Spec 0(^))) is a homeomorphism. By (v) Spec O(X) is sober. □ We abbreviate Spec 0{X) by X; then " is a functor from the category of (T0 -) spaces into the category of sober spaces. In fact it is a left adjoint to the inclusion functor. Specifically:
If S is a sober space then every continuous function f:
X -» S factors uniquely through £^: X -» X. Since many of the spaces dealt with in this paper are not Hausdorff, we adopt the Bourbaki convention that a space is quasicompact if every open cover has a finite subcover and compact if it is both quasicompact and Hausdorff. For a continuous lattice the Scott topology is T0 and quasicompact and the CL-topology is compact. In the remainder of the paper a compact subset of a lattice L means compact in the CL-topology.
Let L denote a complete lattice. (1) For all x £ L, 2 n fx c F implies x E F;
(2) For all x E L, x (£ F implies there exists p £ 2 \ F with x < p; (1) t/<< V. so by the first part of the proposition we have the existence of a quasicompact set Q such that/» £ o2( v) C ß C <t2(x). □ We turn our attention now to the case that L2, the inf-complete semilattice generated by 2, is actually a continuous lattice. Note that the hull-kernel topologies on 2 defined by L and L2 resp. agree since A2(x) = A2(inf(2 n |x)). Hence we may pass back and forth between them. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Proof. The equivalence of (1) and (2) follows from the fact that a2 restricted to L2 is an isomorphism by 2.5.
In the next few paragraphs we work entirely in the lattice L2. The implication (3)<=>(4) and the fact that if 2 is locally quasicompact, then (2) follows are both consequences of 3.6(b).
Let us assume 2 is locally quasicompact and show one implication in the last paragraph. Let x < v in L2. Let U = {w: x < w) and let K = L2 \ U.
Since U is open in the CL-topology, K is compact. For each t £ K, y ^ / (otherwise / E U). Since 2 order generates L2, there exists /> E 2 such that t < p but v ^ /». By 3. We now complete the remaining implications.
(1) => (3'). Let /» £ Spec L2. Since o2 restricted to L2 is an isomorphism, a2(/») £ Spec 0(2). Thus t2o2(/») £ Spec L by 2.5(i). But again by 2.5 t2 is the inverse for the restriction of a2 to L2; thus rxox(p) -p. Hence Spec L2 C Spec L n L2. The other inclusion is immediate.
Let x « y in L2. By basic properties of continuous lattices there exists an open filter F with v £ F c |x. By 3.3(A) F is compatible for Spec L2 (note that L2 is distributive since it is order generated by primes). Thus it follows from the last paragraph of the theorem that Spec L2 is locally quasicompact.
Since 2 order generates L2 by 2.3 L2 -» 0 (Spec L2) is an isomorphism. Hence Spec(L2)->Spec(0(Spec L2)) is a homeomorphism. Since by 2.7(vi) the latter is a sober space, so is Spec(L2). Proof. The results of §3 of [5] imply the equivalence of (1) and (2) (see Proposition 3.8 there for more details about this situation).
The equivalence of (3) and (4) is known from [7] . The equivalence of (2) and (4) follows from 2.5(iii). □ We consider now conditions under which 2 is locally quasicompact for this case. The equivalence of (1) and (3) (1) => (3). Let F be any open filter in L. Then L2 n F is an open filter in L2. By 3.9 L2 is a CL-subobject of L, and L2 is distributive since it is generated by primes. Since 2 = Spec L, by 3.3(A) we have L2 n F is 2-compatible in L2. Applying 3.4 to L2 we have 2 \ F is quasicompact. □ We close this section by considering two cases in which L2 is a CL-subobject of L (and hence allow the application of 3.8, 3.9, and 3.10).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use This theorem allows us to represent every distributive continuous lattice in the form O(X) for some locally quasicompact sober space X. This generalizes the representation of Gierz and Keimel [2] .
We refer the reader to Example 2.25 of [5] for a situation where L2 need not be a CL-subobject even if 2 = Spec L.
4. Core-compact spaces. In this section we investigate a converse problem to that studied in §3: Starting from a space X, how do we recognize that 0(X) is a continuous lattice Let L be a continuous lattice endowed with the Scott topology. Isbell showed that the set of continuous functions from X to L, Lx, is a continuous lattice with respect to the pointwise order iff X is core-compact [8] . Day and Kelly showed that X satisfies (4) of 4.2 iff / X 1^: Y X X-* Z X X is a quotient mapping for all quotient maps /: Y -> Z. Their results give important additional equivalences in order that a space be core-compact.
We point out that condition (2) of Theorem 3.8 of the preceding section is by 4.2 the condition that 2 be core-compact.
4.3. Definition. If j: X -»• Y is an embedding of topological spaces, then we call/ strict if U-*j~\U): 0(7)-» 0(X) is an isomorphism of lattices. Observe that a strict embedding is always dense. □ Note that for F0-spaces X, the sobrification mapping £: X -» X is a strict embedding by 2.7.
4.4. Lemma. Let L be a distributive continuous lattice, and X c Spec L. Then the following statements are equivalent:
(1) The inclusion X -» Spec L is a strict embedding (relative to the hullkernel topology on X); (2) X is order generating in L.
Remark. In [5, 2.2] one finds alternative equivalent conditions for condition (2).
Proof. Condition (1) means that for all s, t £ L, the relation o(s) (~\ X = o(t) n X implies s = t. This is equivalent to (1') For all s, t E L, the relation |î n X = It n X implies s = t. Since |s n X = p n X is equivalent to îs n (X u {I}) = p n (X u {1}) we note that [5, 2.2] shows that (1') and (2) are equivalent. Let X be a sober space. Then the following conditions are equivalent:
(1) 0(X) is a continuous lattice.
(2) X is locally quasicompact. Moreover, if these conditions are satisfied, then U « V in 0(X) iff there is a quasicompact Q c X with U c Q C V.
Proof. The equivalence of (1) and (2) follows from the equivalence of (1) and (4) Theorem 4.5 characterizes F0-spaces X for which 0(X) is continuous provided one understands the concept of strict dense subspaces of locally quasicompact sober spaces or, alternatively, order generating subsets of PRIME L for distributive continuous lattices L. As far as sober spaces are concerned, the core-compact ones are in bijective correspondence with distributive continuous lattices by 3.12 and 4.6, and are precisely the locally quasicompact ones. In §7 we construct an example of a core-compact space X which is not locally quasicompact.
5. The spectra of algebraic lattices. In this section we apply the developments of the preceding sections to algebraic lattices, i.e., objects of Z. The first theorem is an analog of Theorem 3.8. (2) is an algebraic lattice. By 2.5 L2 is isomorphic to 0(2).
(1) =» (3) . Note that L2 is order generated by both 2 and Spec L2 (since Spec L2 d 2). Taking 2 = Spec L2, Spec L2 has a basis of quasicompact open sets by the equivalence of (1) and (2). By Theorem 3.8 Spec L2 is sober. (3) => (1) is a special case of (2) => (1) where 2 = Spec L2. □ Note that in contrast to the more general case of L2 being a continuous lattice, we have always that 2 is locally quasicompact if L2 is an algebraic lattice.
Corollary.
Let L be a distributive algebraic lattice. Then every strictly embedded subspace 2 c Spec L is a T0-space with a basis of quasicompact open sets, and a2: L -> 0(2) is an isomorphism.
We turn now to the characterization of those spaces X for which 0 (X) is an algebraic lattice (cf. 4.5).
5.3. Theorem. For a T0-space X the following statements are equivalent: (1) 0(X) is an algebraic lattice. Proof. Since by earlier remarks the partial order on 2 induced by the hull-kernel topology agrees with that induced by L, Q is saturated means IQ n 2 = Q. The first assertion then follows from Lemma 3.4.
The first assertion implies that the image of a2 is exactly the set of all quasicompact saturated sets. Since o2 clearly reverses order, it remains to verify that a2 is injective. Suppose F and G are 2-compatible open filters, F =£ G. Then there exists x E F \ G (or vice-versa). Since G is 2-compatible, there exists /» £ 2 \ G such that x < /». Thus /» E 2 \ G = ox(G), but /» £ 2 \ F = Oz(F).
The final assertion follows from 3.3. □ We turn now to a purely topological concept. 6.4. Definition. Let A" be a topological space and 1 an element with 1 £ X. The patch topology on Y -X u {1} is the topology generated by O(X) and the collection of all Y \ Q where Q is a quasicompact saturated subset of X. Since cd « ab < q, we have q E U. But U n PRIME L = 0 since cd < y for ail y E U, but c JE .y and d £ y. Thus the complement of PRIME L is open.
(1) => (2) . Let ß be a saturated subset of Spec L. Then since PRIME L is closed in the compact Hausdorff space L, Q closed in L implies ß is compact. Thus IQ = QL is compact and hence closed. By 3.4 ß is quasicompact. Conversely if ß is quasicompact by 3.4 jß is closed. Hence ß = ¿ß n PRIME L is closed. Thus ß is quasicompact if and only if ß is closed in L. Since any collection of closed saturated sets has closed saturated intersection, the implication follows. ./Vote. The equivalence of ((0)) and (4) and the implications ((0)) => (1) => (2) hold without the hypothesis of distributivity (with the same proofs).
The equivalence of ((0)), (1) , and (4) appeared in a Seminar on Continuous Lattices (SCS) memo dated 9-30-76 by Keimel and Mislove. The equivalence of (1) and (4) Proof. As remarked earlier the equivalence of ( (0)) and (4) and the implication ((0)) => (1) The idea here is that o2: L-> 0(Spec L) is an isomorphism onto the proper decreasing subsets of Spec L. The only work is showing o2 is onto. See [2] for the details.
We remark that the open decreasing sets of Spec L are anti-isomorphic to the closed nonempty increasing sets in the compact partially ordered space Spec L u {1}. Conversely in a compact partially ordered space with 1, the closed increasing sets form a continuous lattice with respect to union. Hence distributive continuous lattices L in which PRIME L is closed may be characterized as lattices isomorphic to the set of closed increasing sets in a compact partially ordered space with 1.
Höchster [3] calls a space spectral if it is quasicompact and sober and if the quasicompact open subsets are closed under finite intersection and form a basis. He proves that a space is spectral if and only if it is homeomorphic to Spec A, the space of prime ideals, for a commutative ring A with 1. It follows easily from 6.7 that a space is spectral if and only if it is homeomorphic to Spec L for an arithmetic lattice L in which 1 is isolated in the set of primes.
Indeed suppose A is a commutative ring with 1. For each ideal 7, let 7* be the intersection of all prime ideals containing 7. Define a lattice congruence on the lattice of all ideals of A by 7 ~ J if 7* = J*. If L is the quotient lattice, then the prime elements of L are precisely the equivalence classes of the prime ideals in the lattice of ideals, and under this identification Spec A and Spec L are homeomorphic.
7. An example. In §4 we investigated core-compact spaces which can be defined as spaces X for which 0(X) is a continuous lattice. We saw that the following conditions were equivalent: (1) X is core compact, (2) X is locally quasicompact, and (3) X may be identified with an order generating subset of Spec L for some distributive continuous lattice L. The following question remained open (as far as we know first posed by A. S. Ward [11] ): Is every core-compact space necessarily locally quasicompact? Equivalence (3) suggests looking for order generating subsets of Spec L for a counterexample. However the results of §5 imply that our search will be vain among algebraic lattices; there all order generating sets have a basis of open quasicompact neighborhoods.
The answer to the question is, however, no. There is in fact a second countable core-compact space in which every quasicompact subspace has empty interior. The lattice L consists of all lower semicontinuous functions from the unit interval 7 into itself. A function /: 7 -» 7 is lower semicontinuous iff/is continuous when the codomain is endowed with the Scott topology (open sets are of the form ]x, 1]). Hence since 7 with its usual topology is locally compact and hence core-compact, it follows from Isbell's result [8] that the set of lower semicontinuous functions is a continuous lattice. In order to show that each quasicompact subset of X has empty interior it suffices to show that every saturated quasicompact subset has empty interior. Thus let ß be a saturated quasicompact subset of X. Saturation means that
Conversely since PL is arithmetic, PRIME PL is a closed order generating subset (Theorem 6.7 and [5, 3.1]). Hence r(PRIME PL) = $ PRIME L is a closed order generating subset of L. Hence by [5, 2.11] (PRIMEL)-c xp PRIME L. □ Note. The fact that «/* PRIME L is closed and that PRIME L c 4> PRIME L c WPRIME L hold without the hypothesis of distributivity. 8.3 . Corollary.
Let L be a distributive continuous lattice. Then the various conditions of Theorem 6.7 are equivalent to the condition that if I is a prime ideal of L, then sup 7 E PRIME L.
Proof. By 8.2 PRIME L is closed iff PRIME L = $ PRIME L iff for every prime ideal 7, sup 7 £ PRIME L. □
The results of this corollary also appear in the previously mentioned seminar report of Keimel and Mislove.
In general for a distributive continuous lattice \p PRIME L is a compactification of Spec L u {1} endowed with the patch (or relative CL-) topology. An interesting question is whether this compactification has some nice categorical characterization, (e.g. is it the "universal" compactification in some category).
In comparing [4] with what is done in this paper one should notice that [4] calls Spec V what we here would have to call Spec PV. We use prime elements as the basic ingredient while [4] uses prime ideals (equivalently, characters). The transition between the two is guaranteed by the functor P, which was studied in [7] .
In this context we point out how the Stone duality of Boolean algebras and Boolean spaces relates to our results. For a Boolean lattice L, the space assigned to it is simply Spec PL. Conversely for a Boolean space X, one associates the Boolean lattice of compact elements in the lattice of open sets, K(0(X)).
9. Categorical considerations. Let SUP (INF) denote the category with objects complete lattices and morphisms functions which preserve arbitrary sups (infs). By [7] these categories are dual with respect to the functor which is the identity on objects and assigns to a morphism its adjoint (so that the pair form a Galois connection). We note also that for 2 c Spec L the hull-kernel topology on 2 is just the restriction of the INF-topology on L to 2. If /: L -» M is a SUP-morphism which is an identity preserving lattice morphism, then by 2.4 the left adjoint g: M -> L carries Spec M into Spec L. Since g preserves arbitrary infs, by 9.1 it is INF-continuous, and thus restricted to Spec M is hull-kernel continuous.
Employing the results of § §2, 3, and 4, we have the following categorical set-up.
9.2. Definition. Let CLSUP denote the category with objects continuous lattices L for which LSpecL, the complete inf-subsemilattice generated by Spec L in L, is a CL-subobject and with morphisms SUP-morphisms which also are identity-preserving lattice homomorphisms. This theorem is contained in the FIRST DUALITY THEOREM 4.17 on p. 46 of [4] . It adds another case to the SECOND DUALITY THEOREM 5.6 on p. 50 of [4] , and this case generalizes the duality between C2 = Z and the category K2 (= full subcategory of LQCP of spaces having a basis of quasicompact open sets). See also Proposition 1.4 on p. 73 of [6] .
